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a b s t r a c t
In this paper, we use the coincidence degree theory to establish new results on the
existence and uniqueness of T -periodic solutions for the Rayleigh type p-Laplacian
equation of the form
(ϕp(x′(t)))′ + f (t, x′(t))+ g(t, x(t)) = e(t).
© 2009 Published by Elsevier B.V.
1. Introduction
Consider the Rayleigh type p-Laplacian equation of the form
(ϕp(x′(t)))′ + f (t, x′(t))+ g(t, x(t)) = e(t), (1.1)
where p > 1, ϕp : R → R is given by ϕp(s) = |s|p−2s for s 6= 0 and ϕp(0) = 0, f (t, 0) = 0 for all t ∈ R, e is T -periodic, f
and g are T -periodic in the first argument and T > 0. In recent years, the problem of the existence of periodic solutions of
Rayleigh type equation has been extensively studied in the literature. We refer the reader to [1–7] and the references cited
therein. Moreover, in the literature mentioned above, we observe that the following assumptions
(H1) there exist constants r ≥ 0 and K > 0 such that
|f (t, y)| ≤ r|y| + K , for all (t, y) ∈ R2;
(H2) there exist a positive integer n ≥ 1 and a constant σ > 0 such that
f (t, y) = f (y), yf (y) ≥ σ |y|n+1, for all y ∈ R or yf (y) ≤ −σ |y|n+1, for all y ∈ R;
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have been considered as fundamental for the considered existence of periodic solutions of Rayleigh type equation. However,
to the best of our knowledge, few authors have considered the problem for periodic solutions of Rayleigh type equation
without the assumptions (H1) and (H2). Moreover, few results exist concerning both existence and uniqueness of periodic
solutions to Rayleigh type p-Laplacian Equation (1.1). Thus, it is worthwhile continuing to investigate the periodic solutions
of Eq. (1.1) in this case.
By using topological degree theory and some interesting elementary analysis skill,we establish some sufficient conditions
for the existence and uniqueness of T -periodic solutions of Eq. (1.1). The results of this paper are complementary to
previously known results. In particular, we do not need the assumptions (H1) and (H2) quoted above in our results. An
example is also provided to illustrate the effectiveness of our results.
For convenience, let us denote
C1T := {x ∈ C1(R) : x is T -periodic},
|x|k =
(∫ T
0
|x(t)|kdt
)1/k
, |x|∞ = max
t∈[0,T ]
|x(t)|.
For the periodic boundary value problem
(ϕp(x′(t)))′ = f˜ (t, x, x′), x(0) = x(T ), x′(0) = x′(T ), (1.2)
where f˜ ∈ C(R3, R) is T -periodic in the first variable, we have the following lemma:
Lemma 1.1 ([8]). Let Ω be an open bounded set in C1T , if the following conditions hold
(i) For each λ ∈ (0, 1) the problem
(ϕp(x′(t)))′ = λ˜f (t, x, x′), x(0) = x(T ), x′(0) = x′(T )
has no solution on ∂Ω .
(ii) The equation
F(a) := 1
T
∫ T
0
f˜ (t, a, 0)dt = 0,
has no solution on ∂Ω
⋂
R.
(iii) The Brouwer degree of F is such that
deg
(
F ,Ω
⋂
R, 0
)
6= 0.
Then the periodic boundary value problem (1.2) has at least one periodic solution onΩ .
Set
y(t) = ϕp(x′(t)).
We can rewrite Eq. (1.1) as the following form{
x′(t) = |y(t)|q−1sgn(y(t)),
y′(t) = −f (t, |y(t)|q−1sgn(y(t)))− g(t, x(t))+ e(t), (1.3)
where q > 1 and 1p + 1q = 1.
Lemma 1.2. Suppose that the following condition holds.
(A1) (x1 − x2)(g(t, x1)− g(t, x2)) < 0 for all t, x1, x2 ∈ R, x1 6= x2.
Then Eq. (1.1) has at most one T-periodic solution in C1T .
Proof. Suppose that x1(t) and x2(t) are two T -periodic solutions of Eq. (1.1) in C1T . Then, from (1.3), we obtain{
x′i(t) = |yi(t)|q−1sgn(yi(t)),
y′i(t) = −f (t, |yi(t)|q−1sgn(yi(t)))− g(t, xi(t))+ e(t), i = 1, 2. (1.4)
Set
u(t) = x1(t)− x2(t), v(t) = y1(t)− y2(t), (1.5)
it follows from (1.4) that{
u′(t) = |y1(t)|q−1sgn(y1(t))− |y2(t)|q−1sgn(y2(t)),
v′(t) = −[f (t, |y1(t)|q−1sgn(y1(t)))− f (t, |y2(t)|q−1sgn(y2(t)))] − [g(t, x1(t))− g(t, x2(t))]. (1.6)
560 Z. He et al. / Journal of Computational and Applied Mathematics 232 (2009) 558–564
Now, we claim that that
u(t) ≤ 0 for all t ∈ R.
In contrast, in view of x1, x2 ∈ C1[0, T ], x1(t + T ) = x1(t) and x2(t + T ) = x2(t) for all t ∈ R,we obtain
max
t∈R
u(t) > 0.
Then, there must exist t∗ ∈ R (for convenience, we can choose t∗ ∈ (0, T )) such that
u(t∗) = max
t∈[0, T ]
u(t) = max
t∈R
u(t) > 0,
which implies that
u′(t∗) = |y1(t∗)|q−1sgn(y1(t∗))− |y2(t∗)|q−1sgn(y2(t∗)) = 0, v(t∗) = y1(t∗)− y2(t∗) = 0, (1.7)
and
x1(t∗)− x2(t∗) > 0. (1.8)
By hypothesis (A1) and system (1.6), we have
v′(t∗) = −[f (t∗, |y1(t∗)|q−1sgn(y1(t∗)))− f (t∗, |y2(t∗)|q−1sgn(y2(t∗)))] − [g(t∗, x1(t∗))− g(t∗, x2(t∗))],
= −[g(t∗, x1(t∗))− g(t∗, x2(t∗))] > 0, (1.9)
and there exists ε∗ > 0 such that v′(t) > 0 for all t ∈ (t∗ − ε∗, t∗]. Therefore, v(t) = y1(t)− y2(t) is strictly increasing for
t ∈ (t∗ − ε∗, t∗], which implies that
v(t) = y1(t)− y2(t) < v(t∗) = 0 for all t ∈ (t∗ − ε∗, t∗).
Since |y|q−1sgn(y) is strictly increasing for y ∈ R, we get
u′(t) = |y1(t)|q−1sgn(y1(t))− |y2(t)|q−1sgn(y2(t)) < 0 for all t ∈ (t∗ − ε∗, t∗).
This contradicts the definition of t∗. Thus,
u(t) = x1(t)− x2(t) ≤ 0 for all t ∈ R.
By using a similar argument, we can also show that
x2(t)− x1(t) ≤ 0 for all t ∈ R.
Therefore, we obtain
x2(t) ≡ x1(t) for all t ∈ R.
Hence, Eq. (1.1) has at most one T -periodic solution in C1T . The proof of Lemma 1.2 is now complete. 
2. The main result
Theorem 2.1. Suppose condition (A1) of Lemma 1.2 holds. Moreover, assume that the following conditions are satisfied.
(A2) there exists a positive constant d such that
x(g(t, x)− e(t)) < 0 for all |x| > d, x, t ∈ R.
(A3) there exist nonnegative constants m1 and m2 such that 21−pm1T p < 1, and one of the following conditions holds:
(1) f (t, x) ≥ 0,∀(t, x) ∈ R2, and g(t, x)− e(t) ≥ −m1|x|p−1 −m2,∀t ∈ R, x ≥ d;
(2) f (t, x) ≤ 0,∀(t, x) ∈ R2, and g(t, x)− e(t) ≤ m1|x|p−1 +m2,∀t ∈ R, x ≤ 0.
Then Eq. (1.1) has a unique T -periodic solution in C1T .
Proof. Consider the homotopic equation of Eq. (1.1) as following:
(ϕp(x′(t)))′ + λf (t, x′(t))+ λg(t, x(t)) = λe(t), λ ∈ (0, 1). (2.1)
By Lemma 1.2, it is easy to see that Eq. (1.1) has at most one T -periodic solution in C1T . Thus, to prove Theorem 2.1, it suffices
to show that Eq. (1.1) has at least one T -periodic solution in C1T . To do this, we are going to apply Lemma 1.1. Firstly, we
claim that the set of all possible T -periodic solutions of Eq. (2.1) in C1T are bounded.
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Let x(t) ∈ C1T be a T -periodic solution of Eq. (2.1). Integrating (2.1) from 0 to T , we have∫ T
0
f (t, x′(t))dt +
∫ T
0
[g(t, x(t))− e(t)]dt = 0. (2.2)
Since x(0) = x(T ), then there exists t0 ∈ [0, T ] such that x′(t0) = 0. And since ϕp(0) = 0, we have
|ϕp(x′(t))| =
∣∣∣∣∫ t
t0
(ϕp(x′(s)))′ds
∣∣∣∣ ≤ λ ∫ T
0
|f (t, x′(t))|dt + λ
∫ T
0
|g(t, x(t))− e(t)|dt, (2.3)
where t ∈ [t0, t0 + T ].
Let t¯ and t be, respectively, the global maximum point and global minimum point of x(t) on [0, T ]; then x′(t¯) = 0 and
we claim that
(ϕp(x′(t¯)))′ = (|x′(t¯)|p−2x′(t¯))′ ≤ 0. (2.4)
Assume, by contradiction, that (2.4) does not hold. Then
(ϕp(x′(t¯)))′ = (|x′(t¯)|p−2x′(t¯))′ > 0,
and there exists ε > 0 such that (ϕp(x′(t)))′ = (|x′(t)|p−2x′(t))′ > 0 for t ∈ (t¯ − ε, t¯ + ε). Therefore, ϕp(x′(t)) =
|x′(t)|p−2x′(t) is strictly increasing for t ∈ (t¯ − ε, t¯ + ε), which implies that x′(t) is strictly increasing for t ∈ (t¯ − ε, t¯ + ε).
This contradicts the definition of t¯ . Thus, (2.4) is true. From f (·, 0) = 0, (2.1) and (2.4), we have
g(t¯, x(t¯))− e(t¯) ≥ 0. (2.5)
Similarly, we get
g(t, x(t))− e(t) ≤ 0. (2.6)
In view of (A2), (2.5) and (2.6) imply that
x(t¯) < d and x(t) > −d. (2.7)
Since x(t) is a continuous T -periodic function on R, it follows that there exists a constant ξ¯ ∈ [0, T ] such that
|x(ξ¯ )| ≤ d.
Then, we have
|x(t)| =
∣∣∣∣x(ξ¯ )+ ∫ t
ξ¯
x′(s)ds
∣∣∣∣ ≤ d+ ∫ t
ξ¯
|x′(s)|ds, t ∈ [ξ¯ , ξ¯ + T ],
and
|x(t)| = |x(t − T )| =
∣∣∣∣∣x(ξ¯ )−
∫ ξ¯
t−T
x′(s)ds
∣∣∣∣∣ ≤ d+
∫ ξ¯
t−T
|x′(s)|ds, t ∈ [ξ¯ , ξ¯ + T ].
Combining the above two inequalities, we obtain
|x|∞ = max
t∈[0,T ]
|x(t)| = max
t∈[ξ¯ , ξ¯+T ]
|x(t)|
≤ max
t∈[ξ¯ , ξ¯+T ]
{
d+ 1
2
(∫ t
ξ¯
|x′(s)|ds+
∫ ξ¯
t−T
|x′(s)|ds
)}
≤ d+ 1
2
∫ T
0
|x′(s)|ds. (2.8)
Set
[x(t) < −d] = {t ∈ [0, T ] : x(t) < −d}, [x(t) ≥ −d] = {t ∈ [0, T ] : x(t) ≥ −d},
[x(t) > d] = {t ∈ [0, T ] : x(t) > d}, [x(t) ≤ d] = {t ∈ [0, T ] : x(t) ≤ d},
[−d ≤ x(t) ≤ d] = {t ∈ [0, T ] : −d ≤ x(t) ≤ d}.
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Then, (A2) and (2.2) imply that∫
[x(t)<−d]
|g(t, x(t))− e(t)|dt =
∫
[x(t)<−d]
[g(t, x(t))− e(t)]dt
= −
∫
[x(t)≥−d]
[g(t, x(t))− e(t)]dt −
∫ T
0
f (t, x′(t))dt, (2.9)
and ∫
[x(t)>d]
|g(t, x(t))− e(t)|dt = −
∫
[x(t)>d]
[g(t, x(t))− e(t)]dt
=
∫
[x(t)≤d]
[g(t, x(t))− e(t)]dt +
∫ T
0
f (t, x′(t))dt. (2.10)
Now, we have two cases to consider: when (A3)(1) holds and when (A3)(2) holds.
Case (1) If (A3)(1) holds, it follows from (2.9) that∫
[x(t)<−d]
|g(t, x(t))− e(t)|dt ≤
∫
[x(t)≥−d]
|g(t, x(t))− e(t)|dt
≤
∫
[−d≤x(t)≤d]
|g(t, x(t))− e(t)|dt +
∫
[x(t)>d]
|g(t, x(t))− e(t)|dt
≤ T (max{|g(t, x)− e(t)| : t ∈ R,−d ≤ x ≤ d})+
∫ T
0
(m1|x(t)|p−1 +m2)dt
≤ T (max{|g(t, x)− e(t)| : t ∈ R,−d ≤ x ≤ d} +m2)+ Tm1|x|p−1∞ .
Then, ∫ T
0
|g(t, x(t))− e(t)|dt =
∫
[x(t)>d]
|g(t, x(t))− e(t)|dt +
∫
[−d≤x(t)≤d]
|g(t, x(t))− e(t)|dt
+
∫
[x(t)<−d]
|g(t, x(t))− e(t)|dt
≤ 2[T (max{|g(t, x)− e(t)| : t ∈ R,−d ≤ x ≤ d} +m2)+ Tm1|x|p−1∞ ], (2.11)
and ∫ T
0
|f (t, x′(t))|dt =
∫ T
0
f (t, x′(t))dt
= −
∫ T
0
[g(t, x(t))− e(t)]dt
≤
∫ T
0
|g(t, x(t))− e(t)|dt
≤ 2[T (max{|g(t, x)− e(t)| : t ∈ R,−d ≤ x ≤ d} +m2)+ Tm1|x|p−1∞ ]. (2.12)
Let
θ = T (max{|g(t, x)− e(t)| : t ∈ R,−d ≤ x ≤ d} +m2),
together with (2.11) and (2.12), we obtain∫ T
0
|g(t, x(t))− e(t)|dt ≤ 2[θ + Tm1|x|p−1∞ ],
∫ T
0
|f (t, x′(t))|dt ≤ 2[θ + Tm1|x|p−1∞ ]. (2.13)
Case (2) If (A3)(2) holds then, using a similar argument as we did in the proof of Case (1), we can see that (2.13) holds.
Since x(t) is T -periodic, multiplying the expression (2.1) by x(t) and then integrating it from 0 to T , in view of (2.13),
we get
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0
|x′(t)|pdt = −
∫ T
0
(ϕp(x′(t)))′x(t)dt
= λ
∫ T
0
f (t, x′(t))x(t)dt + λ
∫ T
0
(g(t, x(t))− e(t))x(t)dt
= λ
∫ T
0
f (t, x′(t))x(t)dt + λ
∫
[x(t)<−d]⋃[x(t)>d](g(t, x(t))− e(t))x(t)dt
+ λ
∫
[−d≤x(t)≤d]
(g(t, x(t))− e(t))x(t)dt
≤ |x|∞
[∫ T
0
|f (t, x′(t))|dt + T max{|g(t, x)− e(t)| : t ∈ R,−d ≤ x ≤ d}
]
≤ 2[θ + Tm1|x|p−1∞ ]|x|∞ + T max{|g(t, x)− e(t)| : t ∈ R,−d ≤ x ≤ d}|x|∞. (2.14)
For x(t) ∈ C(R) with x(t + T ) = x(t), and 0 < r ≤ s, by using Hölder inequality, we obtain(
1
T
∫ T
0
|x(t)|rdt
)1/r
≤
 1
T
(∫ T
0
(|x(t)|r) sr dt
) r
s
(∫ T
0
1dt
) s−r
s
1/r = ( 1
T
∫ T
0
|x(t)|sdt
)1/s
,
this implies that
|x|r ≤ T s−rrs |x|s, for 0 < r ≤ s. (2.15)
Then, in view of (2.8), (2.14) and (2.15), we can get(∫ T
0
|x′(t)|dt
)p
≤ T p−1|x′(t)|pp = T p−1
∫ T
0
|x′(t)|pdt
≤ T p−12[θ + Tm1|x|p−1∞ ]|x|∞ + T p−1T max{|g(t, x)− e(t)| : t ∈ R, 0 ≤ x ≤ d}|x|∞
≤ T p−12
[
θ + Tm1
(
d+ 1
2
∫ T
0
|x′(s)|ds
)p−1](
d+ 1
2
∫ T
0
|x′(s)|ds
)
+ T pmax{|g(t, x)− e(t)| : t ∈ R,−d ≤ x ≤ d}
(
d+ 1
2
∫ T
0
|x′(s)|ds
)
. (2.16)
Since 21−pT pm1 < 1 and p > 1, (2.16) yields that we can choose a positive constantM1 such that∫ T
0
|x′(s)|ds ≤ M1, |x|∞ ≤ d+ 12
∫ T
0
|x′(s)|ds ≤ M1.
In view of (2.3) and (2.13), we have
|x′|p−1∞ = maxt∈[t0, t0+T ]{|ϕp(x
′(t))|} = max
t∈[t0, t0+T ]
{∣∣∣∣∫ t
t0
(ϕp(x′(s)))′ds
∣∣∣∣}
≤
∫ T
0
|f (t, x′(t))|dt +
∫ T
0
|g(t, x(t))− e(t)|dt
≤ 2[θ + Tm1|x|p−1∞ ] + T max{|g(t, x)− e(t)| : t ∈ R, |x| ≤ M1}
≤ 2[θ + Tm1Mp−11 ] + T max{|g(t, x)− e(t)| : t ∈ R, |x| ≤ M1},
which implies that there exists a positive constantM2 > M1 + 1 such that for all t ∈ R,
|x′(t)| ≤ M2.
Set
Ω = {x ∈ C1T : |x|∞ ≤ M2 + 1, |x′|∞ ≤ M2 + 1},
then we know that Eq. (2.1) has no T -periodic solution on ∂Ω as λ ∈ (0, 1) and when x(t) ∈ ∂Ω⋂ R, x(t) = M2 + 1 or
x(t) = −M2 − 1, from (A2), we can see that
1
T
∫ T
0
{−g(t,M2 + 1)+ e(t)}dt > 0,
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1
T
∫ T
0
{−g(t,−M2 − 1)+ e(t)}dt < 0,
so condition (ii) from Lemma 1.1 is also satisfied. Set
H(x, µ) = µx− (1− µ) 1
T
∫ T
0
[g(t, x)− e(t)]dt,
and when x ∈ ∂Ω⋂ R, µ ∈ [0, 1]we have
xH(x, µ) = µx2 − (1− µ)x 1
T
∫ T
0
[g(t, x)− e(t)]dt > 0.
Thus H(x, µ) is a homotopic transformation and
deg
{
F ,Ω
⋂
R, 0
}
= deg
{
− 1
T
∫ T
0
[g(t, x)− e(t)]dt,Ω
⋂
R, 0
}
= deg
{
x,Ω
⋂
R, 0
}
6= 0.
so condition (iii) from Lemma 1.1 is satisfied. In view of the previous Lemma 1.1, Eq. (1.1) has at least one solution with
period T . This completes the proof. 
3. An example
Example 3.1. Let p = √2, g(t, x) = − 1
100+cos2 t |x|p−2x for all t ∈ R, x > 0, and g(t, x) = −x32(x− 1) for all t ∈ R, x ≤ 0.
Then, the following Rayleigh type p-Laplacian equation with a damping force
(ϕp(x′(t)))′ + | cos x′(t)|x′4(t)+ g(t, x(t)) = ecos t (3.1)
has a unique 2pi-periodic solution in C12pi .
Proof. From (3.1), it is straight forward to check that all the conditions needed in Theorem 2.1 are satisfied. Therefore,
Eq. (3.1) has a unique 2pi-periodic solution in C12pi . 
Remark 3.1. In view of f (y) = | cos y|y4, it is clear to see that (H1), and (H2) do not hold for Eq. (3.1), and so the results
obtained in [1–7] and the references cited therein cannot be applicable to Eq. (3.1). This implies that the results of this paper
are essentially new.
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